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Staudtstr. 7, D - 91058 Erlangen, Germany

Abstract. The interaction of ions with electrons in the presence of an external magnetic field is
a basic process for the description of the transport properties of a magnetized plasma, as e.g. the
energy loss of ions to the superimposed electron beam in the electron cooler of a storage ring. But
a comprehensive description of binary collisions of ions and electrons in the presence an external
magnetic field has still to be established. Here, we recently achieved some progress by calculating
the energy transfer in binary ion-electron collisions both by fully numerical classical-trajectory-
Monte-Carlo (CTMC) simulations and by perturbation theory. These two techniques and some first
results are presented and discussed, in particular the strong dependencies of the energy loss on the
direction of the ion motion with respect to the magnetic field and on the anisotropy of the velocity
distribution of the electrons.

INTRODUCTION

One fundamental process for the description of the transport properties of a magnetized
plasma is the interaction of ions and electrons in the presence of an external magnetic
field. Prominent examples are the resulting cooling of ions by a surrounding electron
plasma in a trap or by the energy loss of the ions to the superimposed electron beam
in the electron cooler of a storage ring. Although electron cooling in a storage ring is
a well established method, a lot of observations are not yet satisfactorily explained and
understood. Here, an improvement of the theoretical understanding has to start with the
energy loss of a highly charged heavy ion in a magnetized anisotropic electron plasma,
which is the fundamental process in the electron cooler. Whereas the energy loss of ions
in unmagnetized electron plasmas has already been studied extensively [1], a qualified
and comprehensive description of the interaction of ions with magnetized electrons is
still an open problem and a rather formidable task. The presence of a magnetic field
considerably complicates the description of the energy loss mainly because of the loss
of symmetries as compared to the case of an isotropic nonmagnetized electron plasma.
At weak coupling between the ion and the magnetized electrons a linear response
description of the energy loss is applicable, where the energy loss is given in a closed
from in terms of the dielectric function, see e.g. [1, 2]. The appropriate diclectric func-
tion which describes the response of an ideal plasma of magnetized electrons with an
anisotropic velocity distribution can be derived analytically and is given in most text-
books on plasma physics, e.g. in [3]. Its rather complex structure implies, however, a
very intricate numerical evaluation of the final expression for the energy loss. Such a
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numerical analysis is in progress {4] and an important subject for an advanced under-
standing of the stopping power at these conditions.

Also the description of the energy loss as a result of subsequent binary ion-electron
collisions is strongly complicated by the presence of a magnetic field as compared
to the nonmagnetic case where the energy transfer in a collision is a function only
of the relative velocity. With magnetic field, additional dependencies show up and
the ion-electron motion no more separates in a center-of-mass and relative part, in
general. This makes even binary ion-electron collisions to a rather exhausting and
challenging problem. Thus the energy loss is typically treated on an approximative level
only. Starting with the expression for the energy loss by nonmagnetized ion-electron
collisions, the influence of the magnetic field enters only through certain cutoffs which
divide the possible impact parameters into several classes corresponding to slow and
fast and/or nonmagnetized and magnetized collisions. For each of these cases a separate
contribution to the energy loss with a specific Coulomb logarithm is formulated, see
e.g. [5] for details. More accurate descriptions of the energy loss have to start with a
detailed treatment of ion-electron collisions in a magnetic field. Here we discuss two
different approaches for the determination of the energy transfer in this type of binary
collisions; first a fully numerical classical-trajectory-Monte-Carlo (CTMC) scheme and,
additionally, a perturbation treatment up to 2nd order in the ion-electron interaction.

ION-ELECTRON COLLISIONS IN A MAGNETIC FIELD

We consider the interaction between an ion (mass M, charge Ze, position R, velocity
V = R) and an electron (m, —e, I, Ve = i) in a static, homogeneous magnetic ficld
B (and a vector potential A = ¢(B x r)/2) in framework of classical mechanics. This is
specified by the Lagrangian £

L= ﬁvﬁ—kﬁlvz— E(B X Te) 've+£€(B xR) - V—-®(|r.—R]). (h
2 2 2 2
Because the two-body interaction ®(r¢,R) = ®(|r. — R|) depends only on the relative
distance, we next perform a transformation to the cms (Rgp, Vo) and relative the frame
(ry,v;), defined through Ry, = (mre + MR)/(m+ M), Ve = (mve+MV)/(m+ M),
and r, = re — R, v, = v. — V. In these coordinates, the Lagrangian (1) takes then the
form

(Ze—e)
2
-3 (%+%) {(BxRem) v, +(Bxr,)-Ve},

L =

m+M u
2 chm + 5”3 - q)(rr) +
2
Ze e
+ E_(____. —— E

(B X Rcm) “Vem (2)

where 1 is the reduced mass y~! = M~! 4+ m™1. The resulting equations of motions in
the cms and relative frame are:
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Lt M)\Ven = (Ze—e)(vc,,,xB)—u(%+%)(V,xB) 3)

dt
Ze e Ze e
2
u (r 22 'nﬁ)(vr xB) _.U(M—f- ;)(ch xB) —V(r,)

Il

L
dt/-lr

Expressions (2) and (3) already offer very useful insight in the complications which
here appear compared to the case without a magnetic field. In the nonmagnetic case
only the first terms of the Lagrangian (2) are present and the motion separates in a
cm- and a relative part in the usual way. But with magnetic field the cms motion is
coupled to the relative motion, as given by the last term of £ (2) and the corresponding
terms in Egs.(3), and the cm-velocity V., is not conserved. While the total energy
E, that is, the Hamiltonian # = (m+M)V?2,/2 4+ 2 /2 + ®(r,) = E = Eppy + E,, is
a constant of motion (d% /dt = 0), the cm-energy E.n = (m+ M)V?2,/2 and the relative
energy E, = pv2/2+ ®(r,) are not conserved separately and the problem cannot be
reduced to three relevant degrees of freedom, in general. This is, however, possible
for electron-electron collisions, which are of great interest as well when discussing
transport properties of a magnetized plasma. Setting formally Z = —1,M = m,u=m/2,
the prefactor of the coupling term in Eq. (2) cancels and the Lagrangian takes the form
Loe = Lem(Vem, Rem) + Ly(Vy,x,). This possible reduction to a much simpler system
makes a very important difference between ion-electron collisions and electron-electron
collisions in a magnetic field. :

As M > m,u — m and for cases where the cyclotron period of the ion is large com-
pared to the collision time, we may also consider a simpler problem by calculating the
energy transfer in an ion-electron collision under the assumption that the ion velocity is
constant up to terms O(m/M), i.e. V = const+ O(m/M). Neglecting terms of O(m/M),
the cm-velocity Vi, = V + O(m/M) remains constant as well, whereas the time evolu-
tion of the cm-energy

dEgn d . m
= Van- (m+M)Ven =" —eV-(v,xB) + o(ﬁ) @)

is still coupled to the relative motion, which is now determined by

J v
2V = ~V&(r,) — e(v,xB) — e(VxB) + 0(%) (5)

There exists, up to terms O(m/M), the conserved quantity

K= gvz +®(r,) + e(VxB)-r, (6)

which replaces the total energy as a constant of motion in the limit M >> m. The magnetic
term in K is here associated with the non-conservation of E,,, Eq. (4).
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ENERGY TRANSFER AND ENERGY LOSS

To calculate the energy loss of an ion in a magnetized electron plasma we have first
to determine the energy transfer to the ion AEy = M(V’2 —V?2)/2 from the velocities
v, V', after a binary ion-electron collision with given initial velocities v,, V,, (and
positions r,, Rey), where V = Vi, — u/Mv, and V' = V.’ — u/Mv,’. In the limit
M > m, the energy change dEy/dt = MV -dV/dt during the collision is in leading
order given by dEy /dt = MV ., -dV ¢y /dt +mV - dv, /dt. This results, using Egs. (4) -
(6), in an energy transfer

AEy = e(VXB)-(r, ;) —mV (v, ~v,) = —iz’,l(v,'2

- v%) -mV- (Vrl =v;). (7)
The required final velocity v,/ is now calculated both within a fully numerical approach
and by perturbation theory.

The fully numerical evaluation of the energy loss is based on a classical-trajectory-
Monte-Carlo (CTMC) like treatment. Here the relevant equations of motion, see Eq. (5),

dv, Ze? . , dr,
- = -V |- -) - - — =V,
m— [ P exp(— =) e(v,xB) — e(VxB), = (8)

are integrated numerically for a given set of initial conditions using a modified Velocity-
Verlet algorithm which has been specifically designed for particle propagations in a
(strong) magnetic field. It is described in detail in Ref. [6]. The ion-electron interaction
® is modeled by a Yukawa type screened Coulomb interaction with a screening length
A, which here represents an additional external parameter. The numerical integration
starts, for cases with r. < A, at an ion-electron distance r, of several A and stops when r,
exceeds this distance again after the collision. If the cyclotron radius r, of the electron
exceeds A, this distance is enlarged by r,.. To achieve the required accuracy the constant
of motion K (6) is monitored and the actual time-step is adapted continuously. The
resulting relative deviations of K are of the order of 107®...10~>. The initial conditions
are, besides the fixed, constant ion velocity V, the relative velocity v,, a phase ¢ of
the helical motion of the electron in the magnetic field and the position r,. This initial
position is related to an impact parameter b which lies in a plane perpendicular to the
initial velocity of the guiding center in the relative frame g (t = 0) = —Vie, + v, e,

where we assumed B = Be, and V = V,e, + V,e,. See also Ref. [7] for more details. From
the changes of the relative velocity, v, — v,, for a specific trajectory we then obtain the
energy transfer AEp(v,, V,b, @) as a function of the initial values v,, V, b, @. As the next
step, an averaging over the phases ¢ and the impact parameters b is performed by a
Monte—Carlo sampling which results in the quantity

( AEp(v,,V) / d* / "d9 —* AEy(v,,V,b,0). 9)

The actual number of computed trajectories needed for (AEy) is adjusted by monitoring
the convergence of the averaging procedure. Typically, around 10° trajectories are re-
quired for one set of parameters v,, V, B. To finally obtain the energy loss, i.e. the energy
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change of the ion per unit path length, the averaged energy transfer (AEy) is multiplied
with the flux density of electrons n|g,|, which is directed parallel to the normal vector of
the area element d%b, and integrated over the electron distribution, that is,

€ _1dE_n
ds  Vadr V
The energy loss dE/ds (10) basically represents the energy change per time dE/dt
as an average over the number of collisions per time and the energy transfer per collision.

n 4
[vesalel [@ [ 2amu(v, V.00 (10)

In the second approach the velocity transfer Av, = v/, — v, is calculated in a 2nd-order
perturbation treatment of the relative motion

dv, - V|- Ze?
dt 4dreyr,

dr,

= =V (D

m

] — e(v,xB) — e(VxB),

using the bare Coulomb interaction ® = —Ze? /4neyr,. The approximate solution starts
with the analytically given trajectory ro(t), vo(t) = Fo(¢) for the unperturbed electron
motion, i.e. ® = 0 and

dv
d—to +e(voxB) = —e(V xB).
Using the trajectory ro(z) for calculating the force between ion and electron, a 1st-order
correction ry, vy with

m

dl'l

dv
m-—l+e(v1 xB) = =V&(r)|r=r,, ar

dr
provides the velocity transfer 8v = v;’ — v; which is O(Z). In the next step a O(Z?)
velocity transfer 82)v = v/ — v, is obtained from a 2nd-order correction to the unper-
turbed motion by taking into account the additional force due the 1st-order displacement
of the trajectory r;. Here

::Vl

dv A
V2 1 e(vs % B) = (VO lrory-r, ~ VO(lror, .

where the parenthesized force term is expanded up to contributions linear in r;.
Three regimes for the velocity transfer can be distinguished:

(i) The Coulomb field is dominant when the cyclotron radius r. of the electrons is
larger than the distance of closest approach bg. Then, for an initial velocity v,,

Zer 2 ze? \* 2
dv=— b 8y =~ —
V= T dmegm Vb3 0 v 4meom ) vib3 v (12)

(ii) For the case of a large magnetic field with r. < by the transversal motion of the
electron is quenched and there remains only the relative motion with respect to the
guiding center, g, = —V,e, +v,-e,. :
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(a) If the pitch 8 is larger than by the helix is stretched and there apply the same
expressions (12) withv, — g,.

(b) Most interesting is the case of tight helices, where & < by. Here remains only
a velocity transfer parallel to the magnetic field B = Be,,

Ze* 2V, ze? \? 2v2g, -
Sy = =¢ X(;OS(\V) e, 8@y = — ( ¢ ) 2V g,2 & e, (13)
dmegm  giby 4megm gob;
provided that the ion has a velocity component V, perpendicular to the mag-
netic field.

The energy loss of the ion is now obtained by integrating the energy transfer AEy (7)
first over an area element ¥,bydbgdy parallel to the relative current density nv, and then
over the velocity distribution f(v,), i.e.

dE 1dE n . brax
TV V/(Pvef(ve) VeV, 21t/b dbobo (AE )y (14)

min

In the y-averaged energy transfer (AE )y all terms O(Z) vanish because of symmetry
and up to O(Z?) we have

m

BEwy = —mV- @)y = 2 (2% ED)y+ (VD). (19)

The by integration exceeds from b, = Ze2/41t80mv3 to the screening length b0 =
A. Hard collisions are taken into account by regularizing the emerging hg-integrals
according to f, = dbo/by — Jodbobo/ (b} + b2,;,)- This procedure yields the exact result
for the bare Coulomb case.

RESULTS

A comprehensive analysis of the energy loss of ion-electron collisions in a magnetic
field is still in progress. For our current calculations we have been mainly interested in
the specific situation in the electron cooler at the TSR storage ring at Heidelberg 8] and
thus concentrated on the corresponding parameters, that is, an ion charge state Z = 6,
an electron density n = 8 x 10® cm~3, magnetic field strengths around B = 0.01 T and
an anisotropic velocity distribution f(v,) of the electrons. It is modeled as a product of
two Maxwell distributions for the paralle! and the transversal degrees of freedom (with
respect to B), i.e.

1/2 2 2
m m mvy my
_ = _m (_m_ _ - 16
fve) = Flvi,v) ST (2nkBT,,> exp( 2kBTl)exp( 2k3TH) (16)

with temperatures kgT; = 11.5 meV, kgTj; = 0.1 meV, an anisotropy Ti/T“ =115 andrc-
spective thermal velocities vy, | = (kgTy/m)'/? = 4.5 x 10* mJs, Vi) = (kgTyj/m) 12 =
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4.2 % 10° m/s, i.e. vy 1 /vy = 10.7 and screening lengths Ap | = (eokgTy /e*n)!/? =
28x107* m, Ap = (z-:okBT”/e?‘n)1/2 = 2.6 x 10> m. Some examples for the energy
loss dE/ds as obtained from the CTMC procedure, Egs. (8)-(10), and the 2nd-order
perturbation treatment, Egs. (11)-(15), are shown in Figs. 1 and 2 as function of the ion
velocity V' in units of vy |; in Fig. 1 for a magnetic field B = 10 mT and different di-
rections o = 0°,30°,60° and 90° of the ion motion, and in Fig. 2 for o0 = 0°,60° and
various B = 2.5 mT, 10 mT and 40 mT, where cos(0.) = B-V/BV. These results are
compared with the energy loss of an ion in an anisotropic electron plasma without mag-

netic field (B = 0), where the equations of motion (8) can be solved analytically and the

- dE/ds

L1} 4
0.02 1 _,-' --__- s—e CTMC 0.06 SR,
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FIGURE 1. Energy loss dE /ds scaled in units of41tn(Ze2/41t€0)2/mv,2h‘" as function of the ion velocity

V in units of vy = 4.2 x 10 m/s and for different directions of the ion motion o = 0?,30%,60° and 90°.
Results for B = 10 mT as obtained from the CTMC method and the 2nd-order perturbation treatment
are compared with the respective energy loss without magnetic field (B = 0) [1]. In all cases, the used

screening length is A = 1 x 10™* m and T /Tj = 115.
I
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energy loss (10) is thus given in closed from [1]. In all cases dE /ds is scaled in units of
4nn(2e2/4neo)2/mv12h I which equals 0.75 eV/cm for the given parameters.

For an ion motion valong the magnetic field, i.e. o0 = 0%, a significant suppression
of the energy loss compared to the nonmagnetized case occurs, which increases with
increasing magnetic field. This feature has also been found in a perturbative treatment
of the equivalent case of an ion at rest [9] and for the closely related equilibration
of the transversal and longitudinal temperatures in a magnetized electron plasma by
electron—electron collisions [10}]. In all these case the cm-energy E.,, is conserved and
a complete separation in cms and relative motion is possible, in contrast to the case

0.25 . . -
0.20 1
0.15
(=] o
(2] [72]
o 010 o
w o
© ©
[} ]
0.05 L
0.00
-0.05 . . . -0.05 L
0 5 10 15 20 0 5 10 15 20
v/ Vi \ZA7Y"
0.12 0.12
s--«aB=0 »--aB=0
m o—o0B=25mT o0 B=25mT
0084 3 0.08
?% —<B=10mT e—eB=10mT
q%n o---a B=40mT o---a B=40mT
g oos s L % 0.04
1 I
0.00 o 000 qft--- -
o
CTMC, o =60 2nd order, o = 60°
-0.04 L — L -0.04 L L .
0 5 10 15 20 0 5 10 15 20
v / vlh.ll v / Vlh,ll

FIGURE 2. Energy loss dE /ds scaled in units of 41&'.:1(Ze2/41t£0)2/mvlzl1 y as function of the ion velocity

V in units of vy = 4.2 x 10® m/s. Shown are results of the CTMC method (left) and the 2nd-order
perturbation treatment (right) for different magnetic field strength B = 2.5 mT, 10 mT and 40 mT and the
two directions o = 0° (top) and 60° (bottom) together with the analytically obtained dE /ds for B = 0.
The screening length is again A = 1 x 1074 m and T /7} = 115.
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with a transversal component of the ion motion, that is, o # 0°. Here the presence of
a magnetic field causes a strong enhancement of the energy loss at low ion velocities
which increases with B. For even lower velocities V < vy, || and o # 0° we observe
negative values of the energy loss which correspond to an energy gain and thus an
acceleration of the ion. Both features, the strong enhancement and the negative values,
are related to the nonequilibrium situation of a highly anisotropic velocity distribution.
This can be concluded from calculations of the energy loss for a much lower anisotropy
of T,/ Tj, = 4, as presented in Fig. 3. Here almost no negative values of the energy loss
appear and only rather small enhancements can be found at large angles o and very low
velocities. In general a reduction of the energy loss compared to the nonmagnetized case

0.20 | . 0.20 |
7y — CTMC Y «—s CTMC
a a h
I} L
0.151 é‘ q“u o—-o 2nd order | 0154 ¥ % oo 2nd order
; Y o--o B=0
3 0.10 {
w
=]
|
0.05 |4
0.00 g - - mm e i
-0.05 . . : -0.05 : : :
0 5 10 15 20 0 5. 10 15 20
V/ Vg VIV
020 0.20 |
ﬁ —e CTMC —— CTMC
015 o——o0 2nd order | 0.15 ] oo 2nd order
5--= B=0 o--< B=0
w L2}
3 010 8 010
U [T | F S
hel J ©
| 1 5
0.05 ? L 0.05 {1 .
0.00 [ ---------------------------------- . 0.00 - v m e .
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v/, : ZAN
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FIGURE 3. Energy loss dE /ds scaled in units of 41tn(Z'e2/41ts:0)2/mv’7'h’II as function of the ion velocity

V in units of vy = 1.2 % 10* m/s and for different directions of the jon motion o = 0°,30¢,60° and 90°.
Results for B = 50 mT as obtained from the CTMC method and the 2nd-order perturbation treatment
are compared with the energy loss for B = 0 [1]. The used screening length is A = 2.5 x 1073 m and
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is observed, which is strongest at oo = 0° but only very weak at o¢ = 90°. Compared to
the CTMC results, the 2nd-order perturbation treatment here predicts a much stronger
reduction of dE /ds and much bigger negative values. It reproduces, however, very well
the essential general features of the energy loss by magnetized ion-electron collisions as
found by the CTMC method, in particular, in the previous case of the highly anisotropic
electron distribution.

OBSERVATIONS AND CONCLUSIONS

The presented results for the energy loss by ion-electron collisions in a magnetic field,
as obtained from both a fully numerical investigation and a 2nd-order perturbation treat-
ment, give an impression of the characteristic and important effects. One essential obser-
vation is the strong directional dependence with respect to B, i.e. on @, in particular for a
highly anisotropic electron distribution with T, / T > 1. This situation is characterized
by a strong reduction of dE /ds with increasing B for oo = 0, a substantial enhancement
of dE/ds with increasing B for 0. # 0, and an energy gain of the ion at v < v, at
variance with the case of vanishing anisotropy, 7, /Tj; ~ 1. There we found an overall
reduction of dE /ds which increases with B and decreases with o. But in all cases, the
magnetic field significantly affects the energy loss only at low ion velocities V. These
features and the results of the CTMC calculations are generally well reproduced by the
outlined 2nd-order perturbation treatment. In a further step, after an additional averaging
over the distribution of the ion velocities, the obtained results will be compared to the
experimentally measured cooling forces [8]. This work is in progress.
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